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Abstract
We find the Lie point symmetries of the Novikov equation and demonstrate that it is strictly
self-adjoint. Using the self-adjointness and the recent technique for constructing conserved vectors
associated with symmetries of differential equations, we find the conservation law corresponding
to the dilations symmetry and show that other symmetries do not provide nontrivial conservation
laws. Then we investigat the invariant solutions.
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1 Introduction
Since the celebrated Camassa-Holm equation
ut + 2κux − uxxt + 3uux = 2uxuxx + uuxxx (1)
was derived in [1], intense research dealing with integrable non-evolutionary partial differential equa-
tions of the type
ut − utxx = F (u, ux, uxx, uxxx, · · · ) (2)
has been carried out. Such equations are used in modelling shallow water waves.
During sometime the Camassa-Holm equation was the only known example of integrable equation
of the type (2) having solutions as a superposition of multipeakons, that is, peaked soliton solutions
with discontinuous derivatives at the peaks. In [2] it was proved that an equation obtained previously
by Degasperis and Procesi also had such property.
In a recent communication [13] a classification of integrable equations of the type (2) with quadratic
and cubic nonlinearities was carried out. In the same paper the new partial differential equation
ut − utxx + 4u2ux − 3uuxuxx − u2uxxx = 0 (3)
containing cubic nonlinearities was discovered by V. S. Novikov and is named after him. Equation
(3) is considered as a type of generalization of (1). Since then equation (3) has been the subject of
intense research, see [3, 4, 5, 11, 12, 15, 16] and references therein.
Namely, in [3] the authors study the Cauchy problem for the Novikov equation, well-posedness
and dependence on initial data in Sobolev spaces. Local well-posedness in the Besov spaces for the
Cauchy problem for equation (3) was proved in [12]. In [11] a global existence result and conditions
on the initial data were considered. Existence and uniqueness of global weak solution to Novikov with
initial data under some conditions was proved in [16]. A generalization of (3) with dissipative term
was considered in [15]. Peakon solutions were studied in [4, 5].
The purpose of this paper is to study the Novikov equation with the methods of the modern group
analysis. First we find the Lie point symmetries of (3) (section 2). In section 3 we prove that the
Novikov equation is strictly self-adjoint. Then we establish the conservation laws corresponding to
the already found symmetries using the new conservation theorem [7] providing conservation laws for
any differential equation, inclusive those which do not possess a Lagrangian as well as those of odd
order. This is done in section 4. We obtain and discuss some invariant solutions in section 5.
The presentation of the results is very condensed and summarized. The technical details are
ommited in order not to increase the volume of this paper, which, otherwise should triplicate.
2 Lie point symmetries
Application of the classical technique for calculating the symmetries of differential equations shows
that the infinitesimal point symmetries of the Novikov equation (3) span the five-dimensional Lie
algebra with the following basis:
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X1 =
∂
∂t
, X2 =
∂
∂x
, X3 = e
2x ∂
∂x
+ e2xu
∂
∂u
,
X4 = e
−2x ∂
∂x
− e−2xu ∂
∂u
, X5 = −2t ∂
∂t
+ u
∂
∂u
.
It is easy to see that the discrete transformation x 7→ −x maps the Lie point symmetry generator
X3 into X4.
3 Self-adjointness
The Novikov equation (3) does not have a classical Lagrangian. Therefore, following [7, 9], we
introduce the formal Lagrangian L = vF , where v = v(t, x) is the nonlocal variable and F denotes
the left-hand side of (3), namely
L = v[ut − utxx + 4u2ux − 3uuxuxx − u2uxxx]. (4)
Then applying the Euler operator to L we obtain that the adjoint equation to (3) reads:
F ∗ = −vt + vtxx − 4u2vx + 3uvxuxx − 3vuxuxx + 3uuxvxx + u2vxxx. (5)
Hence F ∗|v=u = −F . Therefore the Novikov equation (3) is strictly self-adjoint.
Of course, the latter fact can be obtained by using the concept of nonlinear self-adjointness [10] and
the substitution v = ϕ(t, x, u) which imply v = αu, where α is a constant. This fact reflects another
commom property of the Camassa-Holm and Novikov equations, since both are strictly self-adjoint.
The strict self-adjointness of equation (1) was proved in [8].
4 Conservation laws
Let
X = ξ0
∂
∂t
+ ξ1
∂
∂x
+ η
∂
∂u
be an infinitesimal generator of a Lie point symmetry admitted by equation (3). According to the
conservation theorem proved by Ibragimov in [7], it is possible to find nonlocal conservation laws for
equation (3) of the form DtC
0 +DxC
1 = 0 , where
Ci = W
[
∂L
∂ui
−Dj
(
∂L
∂uij
)
+DjDk
∂L
∂uijk
]
+Dj(W )
[
∂L
∂uij
−Dk
(
∂L
∂uijk
)]
+DjDk(W )
∂L
∂uijk
,
(6)
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i, j, k = 0, 1, x0 = t, x1 = x, W = η − ξiui, Di is the total derivative operator with respect to xi, the
formal Lagrangian (4) is written in the symmetric form
L = v[ut − 1
3
(utxx + uxtx + uxxt) + 4u
2ux − 3uuxuxx − u2uxxx] (7)
and we have used the Einstein summation convention. Moreover, one can reduce the conserved vector
C = (C0, C1) by applying the simplifying procedure described on pages 50-51 of [10]. We shall use
this approach to establish the conservation laws for the third order evolution equation (3).
Since the Novikov equation is strictly self-adjoint we can eliminate the nonlocal variable v into the
components Ci given in (6). Then we can establish a local conservation law for equation (3).
Theorem. (i) The Lie point symmetry X5 of the Novikov equation provides the conserved vector
C = (C0, C1) with components
C0 = u2 + u2x,
C1 = 2u4 − 2u3uxx − 2uutx.
(8)
(ii) For the symmetries X1,X2,X3 and X4 the conserved vector C = (C
0, C1) is the null vector.
Proof. (i) From (6) the component C0 is determined by
C0 =W
[
∂L
∂ut
+D2x
∂L
∂utxx
]
− (DxW ).Dx ∂L
∂utxx
+ (D2xW ).
∂L
∂utxx
, (9)
where W = u+ 2tut for the symmetry X5. Substituting W and L from (7) into (9) we obtain
C0|v=u = (u+ 2tut)(u− 1
3
uxx) + (ux + 2tutx)
1
3
ux − 1
3
u(uxx + 2tutxx). (10)
Further we use the identities
uuxx = Dx(uux)− u2x, uxutx = Dx(utux)− utuxx,
Dx(uutx − utux) = uxutx − utuxx, uutxx = Dx(uutx − utux) + utuxx,
as well as the equation (3) from which we express ut to get from (10), after cancelation of some terms,
that
C0|v=u = u2 + u2x +Dx[
4
3
tuutx − 2
3
tutux − 2
3
uux + 2tu
3uxx − 2tu4]. (11)
Hence the first component can be reduced to that given in (8).
Now we transfer the third term in (11) to the second component C1 according to [10], pp. 50-51.
In this way we arrive at
C˜1|v=u = C1 +Dt[43 tuutx − 23tutux − 23uux + 2tu3uxx − 2tu4]
= (u+ 2tut)[4u
3 − 3u2uxx − 23utx] + 13ut(ux + 2tutx) + 13ux(3ut + 2tutt)
−23u(3utx + 2tuttx)− (uxx + 2tutxx)u3
+Dt[
4
3tuutx − 23tutux − 23uux + 2tu3uxx − 2tu4].
4
Hence after differentiating with respect to t in the last term above and simplifying we obtain that C1
has the form given in (8).
(ii) In a similar way by a starightforward and tedious work one can see that the Lie point symmetries
X1,X2,X3 and X4 give trivial conservation laws. This completes the proof of the Theorem.
We would like to observe that the verification of the conservation law DtC
0+DxC
1 = 0 where the
components of the vector C = (C0, C1) are determined by (8) is very simple. Indeed, the following
identity holds:
Dt(u
2 + u2x) +Dx(2u
4 − 2u3uxx − 2uutx) = 2u(ut − utxx + 4u2ux − 3uuxuxx − u2uxxx). (12)
The identity (12) allows us to recover the proof of Lemma 2.6 in [15] where an ad hoc procedure
was used without any reference to symmetries and conservation laws while we have established (8) by
a systematic application of the new conservation theorem [7]. In fact, if u(0, x) = u0(x), then we can
easily obtain from (12) that the solutions of (3)) satisfy the identity∫
R
(u2 + u2x)dx =
∫
R
(u20 + u
2
0x)dx
assuming the functions u and u0 belong to certain functions spaces such that the integrals exist.
5 Invariant solutions
In this section we obtain the invariant classical solutions corresponding to the Lie point symmetries
found in Section 2. For this purpose we shall apply the well known procedure described in [6, 14]
without presenting the straightforward details.
• The invariant solution for the symmetry X1 (translation in t) is simply a function of x only. We
then substitute u = u(x) into (3), multiply by u and obtain the ODE
4u3u′ − 3u2u′u′′ − u3u′′′ = 0,
where ′ = d/dx, which is equaivalent to
(u4 − u3u′′)′ = 0.
This equation can be integrated at once obtaining
u3u′′ = u4 +A, (13)
where A is an integration constant. The solutions to (13) are given by
u±1 (x) = ±
1
2
e−(x+c2)
√
4A+ e4(x+c2) − 2e2(x+c2)c1 + c21,
u±2 (x) = ±
1
2
√
4Ae2(x+c2) + e−2(x+c2) − 2c1 + c21e2(x+c2).
(14)
Whenever A = 0 equation (13) is linear and its general solution is u(x) = c1e
x + c2e
−x, where
c1 and c2 are arbitrary constants.
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• The invariant solutions for the symmetry X2 (translation in x) are just constants.
• The invariant solutions corresponding to the symmetry X3 = e2x ∂∂x + e2xu ∂∂u are of the form
u(t, x) = ϕ(t)ex (15)
where ϕ = ϕ(t) is any one time differentiable function of t.
• Similarly, the invariant solutions corresponding to the symmetry X4 = e−2x ∂∂x − e−2xu ∂∂u are of
the form
u(t, x) = ϕ(t)e−x (16)
where ϕ = ϕ(t) is any one time differentiable function of t. This result reflects a discrete
symmetry correspondence between X3 and X4.
• Regarding the Lie point symmetry X5 = 2t ∂∂t − u ∂∂u the invariant solutions are of the form
u(t, x) =
1√
t
ψ(x)
where ψ = ψ(x) satisfies the folllowing equation
4ψ2ψ′ − 3ψψ′ψ′′ − ψ2ψ′′′ + 1
2
ψ′′ − 1
2
ψ = 0. (17)
Clearly ψ(x) = e±x is a solution of (17) and thus two invariant solutions are given by
u±(t, x) =
1√
t
e±x.
• Looking for travelling wave solutions u = φ(x − ct), that is, solutions invariant with respect to
X2 − cX1 = ∂∂x − c ∂∂t , where c is a constant to be determined, one can obtain the ODE:
4φ2φ′ − 3φφ′φ′′ − φ2φ′′′ + cφ′′ − cφ′ = 0. (18)
where z = x− ct and ′ = d/dz. An obvious solution to (18) is φ = ez. Then the function
u(x, t) = ex−ct
is a travelling wave solution to the Novikov equation.
Remark. Using a general separation of variables
u(t, x) = ϕ(t)ψ(x) (19)
one obtains that
ϕ′ = kϕ3 (20)
and
4ψ2ψ′ − 3ψψ′ψ′′ − ψ2ψ′′′ = k(ψ′′ − ψ), (21)
for some constant k provided ψ′′ − ψ 6= 0. (Otherwise u(t, x) = ϕ1(t)ex + ϕ2(t)e−x, a case already
seen.) Compare also with the invariant solutions under X1 (k = 0) and X5 (k = −1/2) discussed
above. The equation (20) can be immediately solved. However the equations (18) and (21) and their
solutions remain to be investigated thoroughly.
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6 Conclusion
In this paper the recent new equation (3) derived by V. S. Novikov [13] was studied from the point
of view of Lie point symmetries theory. From the developments due to one of us (Nail Ibragimov
[7, 9, 10]) we proved that only one symmetry, namely the dilation symmetry, provides a nontrivial
local conservation law.
An infinite number of invariant solutions to the Novikov equation were obtained, see equations
(15) and (16).
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